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1 Introduction. 

In this paper, we study the comparison and the existence of solutions of 
the integro-differential equations which contain the Levy operators as nonlo- 
cal terms. 

(Stationary problem) 

F{x,u,Vu,V'^u) + G{- [ [u{x + /3{x,Vu{x),z)) - u{x) (1) 

— l|2|<i(Vii(x), V'u(x), z))]dq{z)) = x E ^l, 
u{x) = g{x) X e Vl\ (2) 
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(Evolutionary problem) 

— + F(x,uyu,V^u) + G(- [u(t,x + (3(x,Wu(x),z))-u(t,x) (3) 
at Jn^ 

-l\z\<i{Vu{t,x),/3{x,Vu{t,x),z))]dq{z)) ^0 x E t > 0, 

u{t,x) = g{x) xeQ"", t>0, (4) 

u{0,x) = Uo{x) X E fl. (5) 

Here, Q is an open domain in R'^, F is a real valued continuous function 
defined in x R x R^ x (S^ is the set of symmetric N x N matrices), 
proper and degenerate elliptic : 

F(x, r,p, X)<F{x, s,p, Y) Vr<s e R, W<X e S^, (6) 

and G is a real valued function defined in R such that 

G{s) is continuous and monotone increasing in s e R, (7) 

the Dirichlet data g is a bounded continuous ftinction defined in Q'^, and the 
initial condition uq is a bounded continuous function defined in fl. The Levy 
operator 

/ + V«M, z)) - u(.) - 1„<,(V«(.), /?(x, V»(.), z))Wz) 

is the infinitesmal generator of the jump process 

x ^ x + l3{x, V-u(x), z) e R^, 

where f3 is a continuous function defined in R'^ x R^ x R^ [M<N) with 
values in R^. We assume that /3 satisfies the following : 

\P(x,p,z)\<bi{x)\z\ V(x,p,^) eR^ xR^ xR^, (8) 

where bi is a continuous function in R'^ such that 

bi{x)<Bo if < 1, bi{x)<Bi\x\ if |a:| > R, 

with constants > = 0, 1), i? > 1, and 

\P{x,p,z) - P{x',p,z)\<B2\x - x'\\z\ (9) 
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Vx, x' e R^, V(p, 2) G X RM, 

where S2 > is a constant. The Levy density dq{z) = q{z)dz is a positive 
Radon measure such that 

/ \z\'^dq{z) + [ ldq{z) < 00, (10) 

J\z\<l J\z\>l 

and g is a. real valued bounded continuous function defined in Q'^. For exam- 
ple, if = M the symmetric Levy measure dq{z) = j^jj+^dz (ao E (0,2) a 
fixed constant) satisfies (11 01) . In this paper, we study the case of the space 
and the gradient depending jump I3{x, Vu, z) when is a bounded domain, 
and consider the space depending jump /3(x, z) when VL is an unbounded do- 
main. We refer the readres to Sato [13] for the probabilistic aspects of the 
Levy operators. Remark that the jump [3{x,Vu{x), z) (resp. /3(x,z)) could 
be degenerate if M < A^. In the case that Vt is an unbounded domain, we 
further assume the following. There exists /i G [0,2) such that 

/ \z\^dq{z) < 00. (11) 

J\z\>l 

There exist a constant S3 > such that 

\x + P{x,z)\>B:i\x\ Vx G R^, \x\>R, G R^, \z\<l, (12) 

where i? > 1 is the same constant in ([8]). (If (|TT1) holds with a different 
constant B! > 0, then we may redefine R =max{i2, R'}.) 



Remark 1.1. (i) If the Levy measure is dq{z) = -^w+^dz (ao G (0,2)), 
then we can take /i = ^ so that the condition (fTTl) is satisfied, in the case 
that Q is unbounded. 

(ii) The condition f lT2|) is automatically satisfied, for example if (3{x, z,p) = z 
(we can put ^3 = 1), or if the constant Bi in ([8]) satisfies 

< i?i < 1 (we can put B3 = 1 - Bi > 0), 

or if 

{/3{x,z),x) >0 VxgR^, \x\>R, V^gR^, \z\<1 
(we can put B3 = 1). 
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We give further some examples of the jump /3 and the Levy measure dq{z) 
satisfying the above conditions. 

Example 1.1. Let M = A^, G{s) = s, 

I3{x,p,z) =^-YZ '^{x,p,z) eR^xR^xR^; dq{z) = y-^^—dz aoG(0,2). 

Remark that the jump Vw(x), degenerates at x = 0, and it satisfies 
(ED, (ED, (in]). The Levy density satisfies (HDD and (IIID. 

Example 1.2. Let M = 1, iV = 2, G(s) = s. Let b{xi,X2) = {x2,-xi) 
for any x = {xi, X2) G R^. Put 

I3{x,p, z) = b{x)z ^{x,p, z) e QxR^ xR; dq{z) = y-^-^dz aoe(0,2). 

The one dimensional jump (3{x, Vu{x), z) occurs only in the direction orthog- 
onal to x, and it satisfies (IHD, (ED, ( fT2D . The Levy density satisfies (fTUP and 

m- 

Example 1.3. Let M = 1, M < N , G{s) = s, Eq > a fixed constant, 

be a bounded domain, and 

Pix.p, z) = z V(x,j9, 2) G R^ X RN X R; 

bl + ^0 

Mz) = j^^dz aoe(0,2). 

The one dimensional jump l3{x,'Vu{x), z) occurs in the direction n£(,(x) = 
— , which converges to the normal vector at x of the level surface 

1 Vii(3;)|+eo ' 

{y G R'^|m(j/) = u{x) = Constant}, as £0 goes to zero. It satisfies ([HD, 1^. 
The Levy density satisfies ffTUp . 



We assume the following standard conditions on F (see [10] (3.14)). There 
exists 7 > such that 

^{r - s)<F{x,r,p,X) - F{x,s,p,X) Vr > s,V(x,j9,X) G x R^ x S^, 

(13) 
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and there also exists a function w: [0, oo) — )■ [0, oo) which satisfies w{0+) = 
and 

F(y, r, a{x — y),Y) — F{x, r, a{x — y), X)<w{a\x — y]"^ + \x — y\) Vr G R, 

(14) 

for any a > 0, for any x,y & Q, and for any X,Y ^ such that 

We are interested in studying the comparison principle for ([T]) in the frame- 
work of viscosity solutions, which will be given in §2 below. Our typical com- 
parison principles are the following. (We denote f/S'C(R'^) (resp. LSC(R^)) 
for the set of upper (lower) semicontinuous functions on R^.) 

Theorem 1.1. 

Let Q be a bounded domain. Assume that ([^, /[TU\) . I[T3\) and 

PTl ) hold. Let u G [/S'C(R^) and v G LS'C(R^) be bounded, and assume 
that they are respectively a subsolution and a supersolution of (J\). Assume 
also that u<v in Vf^ . Then, u<v holds in Vt. 

Theorem 1.2. 

Let Vt be an unbounded domain, and let l3{x,p, z) = I3{x, z) holds for any 
ix,p,z)e RN X RN X RM. Assume that ^, (0), 13), ^, (E^j, (EHj, (Elj, 
and g. Let u G USC{Il^) and v G LSCill^) be bounded, and 
assume that they are respectively a subsolution and a supersolution of 
Assume also that u<v in Vt'^, provided that 7^ 0. Then, u<v holds in Vl. 



The case of very singular Levy measures dq{z) = q{z)dz : 
q( z] 

. > Ci V|2;|^l («o e (1,2) a constant), 

where Ci > is a constant, is especially interesting. In the case of P{x,p, z) = 
z (V(x,p) G R'^ X R'^), the comparison principle was shown in Arisawa [2], 
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[3]. In the case of the spacially depending (3{x,z), Barles and Imbert [S], 
Barles, Chasseigne and Imbert [7] studied the problem under conditions that 
M = N, that the measure dq{z) and the jump (3{x, z) satisfy : 

/ \f3(x, z)\^dq(z) < oo VxeR^; / dq( z) < oo, (15) 

/ \p(x, z)-l3(x' , z)\'^dq(z)<C\x-x'\^; f \p(x, z)-/3(x' , z)\dq(z)<C\x-x' 

Vx, x' G R^. (16) 

where B C is an open ball centered at with radius 1, C > is a 
constant, and that a structure condition (NLT) (in [8]) holds. Remark that 
the conditions ffT51) - f[TBl) concern with the combination of the properties of 
dq{z) and (3{x,z), while in fl5])- ffTU]) the properties of dq{z) and (3{x,z) are 
given separately. In the case that Q is unbounded, if /3 = b{x)z, 6(0) = 0, 
and b{x) ^ 0, the second inequality in ( !T6|) implies /rn\^ \z\dq{z)oo^ while 
( ITTj) does not require ;U = 1 for the same /3 = h[x)z. As the Examples 1-3 
shows, the conditions (!8l)- (fT0l) could include the cases of the degenerate jumps 
when M < N . We do not need to assume the structure condition (NLT), in 
this paper. If the Levy measure is less singular (i.e. dq{z) = q{z)dz, with 
\q{z) |< |^|N+c.o ioT ao e (0, 1], and for \z\ < 1), the comparison principles were 
obtained in Alvarez and Tourin [jj, Barles, Buckdahn and Pardoux [6], etc. 
In order to treat the very singular Levy measure (oq ^ (1)2)), we consider 
some possibilities to give the weak sense of the integral of the Levy operator, 
by the viscosity solutions theory. We present three different but equivalent 
definitions of viscosity solutions for ([T]) (resp. ([3])) in §2 (resp. §4) below. We 
shall use Definition C (see §2, and also Arisawa ^) to prove the comparison 
principle for ([1]) and others. 

We say that for an upper semicontinuous function u in R^ (USC(R'^)) 
(resp. lower semicontinuous function in R^ {LSC(R!^)), {p,X) G R^ x S'^ 
is a subdifferential (resp. superdifferential) of m at a; G ^2 if for any small 
6 > there exists £ > such that the folowing holds. 

u{x + z)-u{x)< {p,z) + ^{Xz,z) + 6\z\^ ^\z\<e, 2; G R^, 

(resp. 

u{x + z)-u{x)> {p,z) + ^{Xz,z) - dlzl"^ ^\z\<e ^ G R^^. 
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) We denote the set of all subdifferentials (resp. superdifferentials) of -u G 
USC(R^) (resp. LSC(R^)) at x enhy J^^ujx) (resp. J^~u{x)). We say 

that {p,X) G X belongs to J^^u{x) (resp. Jq~u{x)), if there exist a 
sequence of points a;„ G and (j9„,X„) G J^'^u(a;„) (resp. jQ~u{xn)) such 
that lim„^oo2;„ = x, lim„^oo(Pn, -'^n) = {p,X). 

From dH]), we can replace z to (3{x,p,z) to have: for m G t/S'C(R'^) (resp. 
LSC{lV^)), if (p, ^) G Jq^u{x) (resp. J^~u{x)), then for any small 5 > 
there exists £ > such that the following holds. 

u{x + f3{x,p, z)) -u{x)<{p,f3{x,p, z)) + ^{X/3{x,p,z),^{x,p, z)) 

+ 5\P{x,p,z)\^ V|2|<e, zgR^, (17) 

(resp. 

u{x + I5{x,p,z)) -u{x) > {p,^{x,p,z)) + ^{X/3{x,p,z),P{x,p,z)) 

-6\f3{x,p,z)\^ V|z|<£, ^gR^.) (18) 



Let us note briefly a technical difficulty to obtain the comparison principle 
for ([1]), when the jump P depends on x (and on Vu{x)). Let u G USC(RJ^) 
be a subsolution of ([1]). In order to well-define the Levy operator (the singular 
integral) for u, we may wish to use the sup- convolution : 

u^{x) = sup {u{y) - 7r^\x- y\'^} {n > 0), 

for 

^ (71>1(kN^j^ limit''(x) = u{x) locally uniformly. 

(See Crandall, Ishii and Lions [lOJ, Evans [11], Fleming and Soner [12].) It 
is known ([3]) that if (]{x, z) = z, for any z/ > there exists k > such that 
u'^ is a subsolution of 

F(x, ^/^ VM^ V V) - / [u''{x + /3{x,z)) (19) 
-u'^{x) - l|^|<i(Vn''(2;), /3(x, ^))]dg(2;)<z/ x G fi, 
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in the sense of viscosity solutions, an easy consequence of : 

if {p,X)efd-^u\x) then {p,X)efd^u{y) for y = x + K^p, (20) 

([TU]). However, if {3 depends on x, f lT^ is no longer true, even if f l2U]) holds. 
As (120|) shows, the inverse of the the subdifferential at x by the supconvo- 
lution is the subdifferential aXy = x + K^p. Contrarily, if /3 depends on the 
space variable, the inverse of the Levy operator at x by the sup-convolution 
is not the Levy operator at for the jump z) at x is not inverted to 
the jump f3{lj,z) at y = x + K^p, because z) ^ j3{jj, z) if a; 7^ y. In other 
words, the Levy operator for at x is not the Levy operator for u at y. 
To overcome this difficulty, we need another approximation tool to treat the 
term of the Levy operator, with jumps Vm, z). We shall see in below 
that Lemma 2.2 (first stated in [5j) serves for this purpose. 

The plan of this paper is the following. In §2, we shall state three equiva- 
lent definitions of viscosity solutions for (|T]) . The proof of the equivalence for 
the case of the gradient depending jump /3(a;, Vti(x), z) is a generalization of 
the result in [5]. In §3, we shall prove the comparison principles : Theorems 
1.1 and 1.2, by using Definition C in §2. The unique existence of the viscosity 
solution of (II])- (E]) will be shown, too. In §4, we shall treat the evolutionary 
problem ([3]) -([4]) -([5]), and shall give the comparison principle and the unique 
existence of the solution, in the case that is a bounded domain. 



2 Definitions of viscosity solutions. 

In this section, we give three definitions of viscosity solutions for ([1]) 
which are equivalent each other. The result was first shown in [5j for the case 
of f3{x,p, z) = z in a. slightly different form. 

Definition A. Let u G USC{Yi^) (resp. v G LSC{R^) ). We say that 
u (resp. v) is a viscosity suhsolution (resp. supers olution) of if for any 
X G any {p,X) G Jq^u{x) (resp. G Jq~v{x)), and any pair of numbers 
{e,6) satisfying [F]\ ) (resp. /[T^) ). the following holds 

F{x,u{x),p,X)+G{- I \{{X+25I)P{x,p,z),l3{x,p,z))dq{z) 

J\z\<£ I 
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-/ [u{x + 13 {x,p,z)) -u{x) -li^i^i {13 {x,p,z),p)]dq{z))<0 . (21) 

J\z\>e 

(resp. 

F{x, v{x),p, X)+Gi- f l{iX-2SI)f3{x,p, z),f3{x,p, z))dq{z) 

J\z\<e I 

- f [v{x + P{x,p, z)) - v{x) - l|,|<i(/?(x,p, z),p)]dqiz)) > 0. (22) 

J\z\>£ — 

) If u is both a viscosity suhsolution and a viscosity supersolution , it is called 
a viscosity solution. 

Definition B. Let u G USC{Yi^) (resp. v e LSC(R^) ). We say that 
u (resp. v) is a viscosity suhsolution (resp. supersolution) of (QP, if for any 
X G and for any (j) G C^(R^) such that u{x) = (j){x) (resp. v{x) = (j){x)) 
and u — (j) (resp. v — (j)) takes a maximum (resp. minimum) at x, and for 
any e > 0, 

F(x,m(x), V0(x), V^0(x)) 

+G{- j [<P{x + P{x,p, z)) - 0(x) - l|,|<i(^(x,i?, z), Vct){x))]dq{z) 

/ [u{x + P{x,p,z)) -u{x) -l\^\^i{[3{x,p,z),V(l){x))]dq{z))<S). (23) 
(resp. 

F(x,i)(£), V0(x), VV(^)) 

+G{- / [(t){x + /3(x,p, z)) - (t){x) - l|^|<i(^(£,p, z),V(t){x))]dq{z) 

J\z\<e ~ 

- f [v{x + ^{x,p,z))-v{x)-l\,\^,{^{x,p,z),V(P{x))]dq{z))>0. (24) 

J\z\>£ — 

) If u is both a viscosity suhsolution and a viscosity supersolution, it is called 
a viscosity solution. 

Definition C. Let u G USC(R^) (resp. v G LSC(R^) ). We say that 
u (resp. v) is a viscosity suhsolution (resp. supersolution) of if for any 
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X G f2 and for any (p G C^(R^) such that u{x) = (l){x) (resp. v{x) = 4>{x)) 
and u — (f) (resp. v — (p) takes a global maximum (resp. minimum) at x, then 
for p = V0(x), 

h{z) = u{x + /3{x, z,p)) - u{x) - l[2i<i(/3(x,p, z), V0(x)) G L^{R^,dq{z)), 
(resp. 

h{z) = v{x + z)) - v{x) - li,|<i(/?(x,p, z),V<j){x)) G Li(R^, dq{z)), 

) and 

V0(x), V^0(x)) + G'(- / [u{x + (5{x,p,z)) (25) 
-u{x) - l|^|<i(/3(x,p,2;), V0(x))]rfg(2;))<O. 

(resp. 

F{x,v{x),V(l){x),V^(f){x)) + G{- [ [v{x + ^{x,p,z)) (26) 

-v{x) - l|,|<i(/3(x,p,^), V0(x))]rf5(z)) > 0. 

) If u is both a viscosity subsolution and a viscosity supers olution, it is called 
a viscosity solution. 

Theorem 2.1. 

The Definitions A, B, and C are equivalent. 

Remark 2.1. In Definition A, viscosity solutions are defined by the 
second-order sub-differentials and super-differentials. We refer the readers 
to [2], |3] and In Definition B, viscosity solutions are introduced by test 
functions, and has been studied in [1], |6], [7], and [8] (see the references 
therein). At a first glance, Definition C seems to be stronger than others. 
It was presented in [5] for the case of (3{x, z) = z, and was proved to be 
equivalent to the preceding definitions. 

The proof of Theorem 2.1 is based on the following construction of a se- 
quence of approximating test functions. 

Lemma 2.2. (f5]) 
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Let u{x) G USC(R^) . Assume that there exists G C^(R^), such 
thatu — (j) takes a global maximum at a point x G and u{x) = (j){x). Then, 
there exists a monotone decreasing sequence of functions (j)n{x) G C^(R^) 
such that u — (j)n takes a global maximum at x, u{x) = 0„(x), V0„(x) = 
V(j){x), V20„(x) = V^(f){x), and 

u{x)<(j)n{x)<(l){x) Vx G R^; Vn, 0ri(x) \. u{x) Vx G R^ as n oo. 



We refer the readers to j5] for the proof of Lemma 2.2. 

Proof of Theorem 2.1. We devide the proof into two steps. 
Step 1. We claim that Definitions A and C are equivalent. First, we show 
that Definition A implies C. Let m be a subsolution in the sense of Definition 
A. Assume that for (p G C^(R'^), u — (j) takes a global maximum at x G f2, 
and u{x) = (j){x). From Lemma 2.2, there exists a sequence of functions 
(j)n G C^(R^) {n = 1,2,...) satisfying the properties stated in the lemma. 
Since u — (pn takes a global maximum at x, (p„,X„)= (V(/'„(x), V^0„(x))g 
Jq^u{x), and Pn = P = V(;/)(x), X„ = V^(/)(x) for any n. From Definition A, 
for {e,6) satisfying ( !T7|1 

F{x, u{x),p, X) + G{- f (hx + 261)(3{x,p, z),/3{x,p, z)) dq{z) 

J\z\<e \Z I 

- / \u{x\ fi{x,p,z))-u{x)-\\;,\<x{^{x,p,z),p)\dq{z))<SS, 

J\z\'>e 

for any n. Since m(x + /3(x,p, 2)) — ti(x)^0„(x + /?(x,p, 2)) — 0„,(x), and since 
G is monotone increasing, 

F(x,v(x),v,X) + + 2«)f)(£-,p,z),^(x,p,2)^t/j(z) 

- / [«i + ^(i,p,.))-«i)-l„<.(/?(i,p,.),p)W.))<0. 
By tending e to in the above inequality, from the continuity of G, we have 
F{x,u{x),p,X) 

+ G'(- / [0„(x + ^(x,p,2;))-0„(x)-l|,|<i(/3(x,p,2),p)]dg(2;))<O. (27) 
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Put 



hn{z) = (f)n{x + 2;)) - 0„(x) - 1 |2|<i p, z),p) Vn G N. 

Prom Lemma 2.1, 0n(2:) = u{x), and 0„ is monotone decreasing as n goes to 
oo. Thus, hn{z) is monotone decreasing as n goes to oo, and 

\\m^hn{z) = u{x + (3{x,p,z)) - u{x) - li^i^i{/3{x,p, z),p). 
Prom the monotone convergence lemma of Beppo Levi (see Brezis [9]), 



Therefore, by letting n go to oo in fl27|) . by remarking that p = V(p{x), 
X = V^0(f), we have 



Hence, u is the viscosity subsolution in the sense of Definition C. The case 
of the supersolution can be treated similarly. 

Next, we show that Definition C implies Definition A. Let -u be a subsolution 
in the sense of Definition C. Assume that there exists (p G C^(R^) such that 
u — (p takes a global maximum at x G fi, and u{x) = Prom Definition 

C, we have 



-l|,|<i(/3(5:,p, z),V4>{x))]dq{z))<0. 
Since there exists a pair of positive numbers (e, 6) such that 

u{x + /3{x,p, z)) — u{x) — {f3{x,p, z),'V(f){x))<(j){x + (3{x,p, z)) — (f){x) 



u{x + f3{x,p, z)) - u{x) - l|^|<i(/3(x,p, z),p) G L^(R , dq{z)). 




l\z\<i{(3{x,p, z),V(/){x))]dq{z))<0. 




-{f3{x,p, z),V4>{x))<-{V^(j){x)(3ix,p, z), (3{x,p, z)) + 6\(3{x,p, z)\^ y\z\<e, 



we have 



uix), V0(x), VV(^))+G(- / -((V'0(x)+2W)/?(x,p, z))dqiz) 

J\z\<£ Z 
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- / [u{x + I3{x,p, z)) - u{x) - l\,\<i{/3{x,p, z),V(p{x))]dq{z))<0. 

J\z\>e — 

Hence, m is a viscosity subsolution of ([I]) in the sense of Definition A. The 
case of the supersolution can be treated similarly, and we have proved the 
equivalence of Definition A and Definition C. 

Step 2. We claim that Definitions B and C are equivalent. First, we 
show that Definition B implies C. Let tt be a subsolution in the sense of 
Definition B. Assume that there exists G C^(R^) such that u — (p takes a 
global maximum at x G fi, and u{x) = (f){x). From Lemma 2.2, there exists 
a sequence of functions 0„ G C^(R^) {n = 1,2, ...) satisfying the properties 
stated in the lemma. Since u — 0„ takes a global maximum at x, from 
Definition B, for any n, for any e > 0, 

F{x,u{x),V(f)n{x),V^(j)n{x)) + G{- / [0„ (x + ^(x, z) ) - 0„ (x) 

J\z\<e 

-1,,<,(;3(.,P..),V^„(4)>H.W- / M* + «4,P. 

J\z\>e 

-l|^l<i(/?(x,p, z),V(f)nix))]dq{z))<0. 
Since u{x + f3{x,p, z)) — u{x)<(f)n{x + f3{x,p, z)) — 0„(x), 

F(x,M(x),V0„(x),VVn(:r)) + G'(- / [(f)n{x + /3{x,p, z)) 

- 0„(x) - l|,|<i {/3{x, p, z) , VMS:))]dq{z))<0. (28) 
By remarking again that 

hn{z) = (pnix + (3{x,p, Z)) - <^„(x) - l|^|<i p, 2;),V0„(x)) 

is monotone decreasing as n — )■ oo, and that (pn{x) = u{x), we see that the 
limit 

lim^hn{z) = u{x + (3{x,p,z)) - u{x) - l|^|<i(/?(x,p, 2), V0(x)) 

belongs to L^(R^, dq{z)). By letting n — )■ 00 in (128!) . since V(j)n{x) = V0(x), 
V^(/)„(x) = V^(/){x), from the continuity of G, we have 

F(x,m(x), V0(x), V^0(x)) + G(- / [u{x + /3{x,p,z)) - u{x) 

Jzeii^ 
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-l\z\<iW{x,p,z),V(l){x))]dq{z))<0. 

Hence, u is the viscosity subsolution in the sense of Definition C. The case 
of the supersolution can be treated similarly. 

Next, we show that Definition C imphes B. Let -u be a subsolution in the 
sense of Definition C. Assume that there exists (f) G C^(R'^) such that u — (j) 
takes a global maximum at £ G ^2, and u{x) = (f){x). From Definition C, 

u{x + P{x,p,z))-u{x) - l|^|<i(/5(x,/>,z),V(/.(x)) G L\R'^,dq{z)), 

and 

F(x, u(x),V(l)(x), VV(£)) + G(- I [uix + z)) - uix) 

-l|z|<i(/3(2;,p, z),W(j){x))]dq{z))<S). 
Since u{x + P{x,p, z)) — u{x)<4>{x + fi{x,p, z)) — (/){x), we have for any s > 

F{x,u{x),V(l){x),V^(f){x)) 
+G{- [ [</)(x + /3(x,p,^))-</.(x)-l|,|<i(/3(x,p,^),V</.(£))]dg(z) 

J\z\<e 

- / [u{x + /3{x,p, z)) - u{x) - li,i^i{(3{x,p, z),V(j){x))]dq{z))<0. 

J\z\>s 

Thus, u is the viscosity subsolution in the sense of Definition B. The case of 
the supersolution can be treated similarly, and we have proved the equiva- 
lence of Definition B and Definition C. 

Prom Steps 1 and 2, we have shown that Definitions A, B and C are equiva- 
lent. 



3 Comparison and existence of solutions. 

We begin with the proof of Theorem 1.1. 

Proof of Theorem 1.1. We use the argument by contradiction. As- 
sume that there exists x & D, such that 

sup{u-v){x) = {u-v){x) = M >0, (29) 
14 



and we shall look for a contradiction. Put $q,(x,?/) = u{x)—v{y) — ^a\x — y\'^ 
(a > 0), and let {xa,ya) be the maximum of From the precompactness 
of the domain Q, it is known ([10]) that 

Urn {xa,ya) = (x,x), \im a\xa - jjal'^ = 0. (30) 

For the simplicity of notations, we abbreviate the indices and denote {x, y) 
for {xa,ya)- Put p = a{x — y). From the Jensen's maximum principle, 
there exist X,Ye S^, such that X<Y and (p,X) G Jn~^u{x), (p, F) e 
jQ~v{y), satisfying the condition in f lT^ . Therefore, we can take sequences 
e Q {n = 1,2,...), and (p„,X„) G Jj^' u{xn), (p„,>"n) G ^' t'(l/n), 
such that lim„^oo(a:n,2/n) = (^^,y), lim„^ooPn = P, and X„<F„ (n = 1,2,...), 
lim„^oo-^n = X, lim^^oo^ = Y, and that Xn, Yn satisfy the condition in 
( !T^ . From Definition C, we remark that 

g^{z) = u{x + P{x,p,z)) - u{x) - l|^|<i (/3(x,p, 2;),p) G L^(R'^, c?g(2;)), 

/(2:) = t;(^ + /3(^,p,z)) -^;(y) - (/?(y,p,^),p) G Li(R^,rfg(^)), 

and that for any n = 1,2, ... 

gl{z) = u{Xn + f3{Xn,Pn, z))-u{Xn)-l\z\<l {/3{Xn, Pn, z) , Pn) G (R^ , dq{z)) , 
9riiz) = V{yn + /3{yn,Pn, Z)) -V{yn) -l\z\<l {t^^Vn^Pn, z) ,Pn) G {R^ , dq{z)) . 

It is clear that 

]im j gi{z)dq{z) = J g\z)dq{z) (z = 1,2). (31) 

Sinc e (p„,X„) G J^'+ M(a:„ ), (p„,y„) G Jn~v{yn) (stronger than (p„,X„)G 

jQ^u{xn), {pn,Yn) G jQ^v{yn), ) from Definition C, we have for any n = 
1,2,... 

F{Xn,u{Xn),Pn,Xn) + G{- / [m(x„ + /3(x„, 2:)) 

-m(x„) - l\z\<l{Pn, (3{Xn,Pn, Z))]dq{z))<0, 
F{yn,v{yn),Pn,Yn) + G{- / (?/„ + /?(?/„, p„, 2:)) 

-v{yn) - l|^|<i(p„,/3(y„,p„,2;))]rfg(2;)) > 0. 
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Taking the difference of two inequalities, and passing to the hmit as n — )■ oo, 
from the continuities of F, u and v, from (fT^ . ([H]), (^1]) . we get 

7(w(i:)-t;(y))<u;(a|x-y|^ + |x-y|) + G(- / ^^^5(2;)) / g^dq{z)) 

JRM JrM Jj^m 

(32) 

Here, 

/ — g^dqiz) = / -ufx + 2;)) — 
7rm Jb 

-v{y + P{y,p, z)) + v{y) - {p,l3{x,p, z) - /3{y,p, z))dq{z) 



+ / u{x + P{x,p,z))-u{x)-v{y + l3{y,p,z))+v{y))dq{z), 
Jr^\b 

where B C R'^ is a ball centered at the origin, with radius 1. Since 

u{x)-v{y)-^\x-y\^ 

> u{x + (3{x,p, z)) - v{y + f3{y,p, z)) - 2 1^ + l^i^^P^ - {y + /3{y,p, z))\'^, 
the above inequahty leads to 

/ 9^ - 9'^dq{z)<^ \x -y + /3{x,p,z) - (3{y,p, 
JRM 2 Jb 



-\x-y\ -2{x-y,(^{x,p,z) - l3{y,p, z))dq{z) 
+ / u{x + P{x,p,z))-u{x)-v{y + ^{y,p,z)) + v{y)dq{z) 

<? / \l^{x,P,z) - I3{y,p,z)\'^dq{z) 

2 JB 

+ / u{x + ^{x,p,z))-u{x)-v{y + ^{y,p,z)) + v{y)dq{z). 

From ([9]), (|TOl) . and ( l35ll . there exists a constant C > such that 

a 
2 



/ W,x,p,3)-mP.^)|V/W<Ca.|i--Sr/'k|V;W^0 as a ^ oo. 

JB 
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Remarking that from (1551) \ima^oo{x,y)= \ima^oo{xa,ya)= (x,x), and that 

u{x + l3{x,p, z)) — v{x + P{x,p, z))<u{x) — v{x) Vj9 G R'^, 2 G R^, 
from (11 01) and from the Lebesgue's finite dominate theorem, we have 

hmQ_^oo / u{x + I3{x,p,z)) - u{x) - v{y + /3{y,p,z)) + v{y)dq{z)<0. 

Hence, 

hmo_^oo / 9^ - 9^dq{z)<0. 

By introducing the above into the right hand side of (132!) . since G is contin- 
uous and monotone increasing ((Cj)), from ( l35l) we have 

\ima-^ool{u{x) - v{y))<0, 

which is a contradiction to our hypothesis (1291) . Therefore, u<v must hold 
in Q. 

Next, we prove Theorem 1.2. 

Proof of Theorem 1.2. We use the argument by contradiction. As- 
sume that 

snp{u-v){x) = M >0, (33) 
and we shall look for a contradiction. 

Let r = B^R (S3, R are constants in ([8]) and (fT2|) ). and take a real valued 
function Wr G C2(R+ U {0}) such that 

Wr, w'^>0 in R+ U {0}; Wr{s) = Vs > r, (34) 

where /i > is the constant in ( fTTl) . Put 

'^'i/.^la;, y) = m(x) - f (y) -^Ix-yl"^ - i/{wr{\x\) + Wr{\y\)) x,y e R^, 

where p, a > are parameters. Remark that for u > small enough, 
^^P{x,y)mxQ^u,a > 0. From f lM|) there exists {xi,^a,yu,a) a maximum point of 
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Since there exists M' > such that |w|, \v\ < M', for any ly > small 
enough we have 

2M' > U{x^^a) - V{yu,a) > -\Xu,a " yu,a\^ + l^(«'r ( | ^'i^.a | ) + Wr{\yu,a\)), 

Va > 0. 

For u > fixed and small enough, since Wr{s) increases in s > 0, the above 
inequality implies (see [TO] ) 

lim a\x^^a - yu,a? = 0, lim = lim ij^.^ = x^, (35) 

where x^, is a maximum point of {u — v){x) — 2h'Wr{\x\). We also remark that 

lim z/Wj.(|xjya|) = lim z/tyrdyiyal) = uniformly in a > 0, (36) 

for Wr{s) is increasing in s. Put 

Pi', a Ol{Xy a yu,a) ■ 

Then, from the Jensen's maximum principle, there exist X, F G such 
that X<Y, 

{Pu,a + 1^'^Wr{\x^^a\),X) G J^^u{x^^a), {Pu,a-T^'^Wr{\yu,a\) ,Y) G J^~v{yu,a)- 

Put 

g\z) = U{x^^a+ f^ix^^a,z)) - U{x^^a) " 1 12| <1 (/3(2^j.,a , 2^) , + VtO^ ( | | ) ) , 

5,2(2;) = v{y^^a + P{.yv,a,z)) - v{y^^o) - l|2|<l(/3(2/^,a,^),Pi.,a - Wr{\yu,a\)) ■ 

From Definition C, the similar argument to the proof of Theorem 1.1 leads 
to 

-G{- f g\z)dq{z)) + G{- f g\z)dq{z)) 

-G(- f {g'-g'){z)dq{z)- [ g\z)dq{z)) + G{- j g\z)dq{z)). (37) 
jrm jrm jrm 
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Here, we write 

J^Jg' - 9'){z)dq{z) = E, + i?2, (38) 

where 

JB 

-u{f3{x„^a, z),VwR^{\x^^a\)) - i^{(3{yu,a, z), VwR^{\y^^a\))dqiz), 

E2= u{x^^a + P{x^^a,z))-u{Xu^a)-v{yu,a+P{yu,a,z))+v{y^^a)dq{z). 

Jli^\B 

Lemma 3.1. 

We have the following. 

limj,^olima^oo-E2<0. (39) 



Proof of Lemma 3.1. For u > fixed and small enough, from ( iTOl) . 
35|) and from the Lebesgue's finite dominate convergence theorem, we have 



lim E2 = u(xu + (3(xu, z)) - u(xu) - vix^ + l^(xu, z)) + v{xy)dq{z). 

0—^00 J'R^\B 

Since Xy is the maximum point of {u — v){x) — 2i'Wr{\x\), 

{u - v){x^ + I3{xy, z)) - 1vwr{\xy + z)\)<{u - v){xi,) - 2uWr{\Xy\), 

and by introducung this into the preceding inequality, we have from ([8]), 



a— f 00 



lim E2<2p / Wr{\xv + I3{xy,z)\) - Wr{\xy\)dq{z). 



We devide the situation into two cases. 

(i) The case that there is a sequence — )■ such that \xi,\<R. In this case, 
there exists linij^^o = x, which is a maximum point of {u — v) (x) in Q (see 
(EHD and (I36D). Put 

Di = {zeR^\B\ \x + (3{x,z)\ < R}, 
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D2 = {zeR^\B\ \x + f3{x,z)\> R}. 

Remark that /^^ ldq{z) < oo ( (fTUj) ). Then, from (|H]), f lTTj) . there exists a 
constant C > such that 

hm i?2<2z/ / tf^dx + 2;)|)(i(/(2;) 

<2u{f Wr{R)dq{z)+ f \x + (3{x,z)\^dq{z))<Cu ^ 0, 

JDi JD2 

as — )■ 0. 

(ii) The case that there exists t'o > such that \xy\ > R, for any z/ G (0, z/q). 
In this case, we remark that = Put 

D'( = {zeR^\B\ \x, + ^{x,,z)\<R}, 

D^2 = {zeR^\B\ \x^ + p{x^,z)\> R}. 
Then, by using the fact that Wr{s) is increasing in s, 

hm E2<i' / Wr{\xu + (3(xu, z)\) -Wr{\xu\)dq{z) 

+ V / + 2^)1) - Wr(|^i/|)'^?(2;) 

Jd- 

<y \xy + P{x^,z)\^' -\xy\^'dq{z)<y \l3{xy, z)\^'dq{z) 

<Sfz/ / \xJ''\z\''dq(z)<Ci'Wr(\xJ) -^0 as u -^0, 

where C > is a constant, we used ([8]) in the inequahty, and fl36|) to obtain 

the convergence to 0. 

From (i) and (ii), (15^ was proved. 

Lemma 3.2. 

We have the following. 

hm^^olima^oo-Ei<0. (40) 



20 



Proof of Lemma 3.2. Since 

(y. 

-UWrilx^^a + l3{Xy^a-, z)\) - ^/^i'r ( I^i/.q + 13%,^, z)\) 

<u{Xu,a) - v{jju,oc) - '^\Xu,a " yu,a\'^ " l'Wr{\Xu,a\) " I^Wr{\yu,a\) , 

by introducing this into Ei, we have 

E,<h + h + l!,, (41) 

where 

^ f 2 2 

-^1 \Xu,a yu,a ~l~ PiXu,a^ z) Pifju^a^ 2^)1 I-^i/jQ ^1^,0 | 

-2{l3{Xy^a, Z) - l3{yu,a,z),Xu,a " yu,a)dq{z), 

l2 = V I Wr{\Xy^a + P{Xy^a,z)\) - Wr{\Xy^a\) - {(^{Xy^a, z) ,V Wr{\Xu^a\)) dq{z) , 
JB 

l2 = iy Wr{\yu,a + /3{y^,a,z)\) -Wr{\y„,a\) - {P{yu,a,z),VWr{\y„,a\))dq{z). 
J B 

[i] First, we have from (|9D. (fTO|). (|35D, 



h<— / \xu,a — yu,a\'^\z\'^dq{z)<Ca\xu,a — yu,af —^0 as a — 00. 
(ii) Next, in order to estimate I2, we devide the situation into two cases. The 



first case is when there exist Ui, a* > such that 



hm z/j = 0, hm a) = 00, Ix^,. Wi,j G N. 



Then, we can take subsequences (still by denoting with same indices) t'j — )■ 0, 
a* — )■ 00 (as i, j— 7- 00) such that 



lim lim x^ 



where x is the maximum point of li — f (see fl35l) and fl36l) ). Since 

sup \y'^Wr{\x\)\<C 

\x\<Bo + {B-i+l)R 
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with a constant C > 0, and 

I W'r ( 1 +P{X^^ , 2;) I ) ( I A I ) - (/3 {X^^ , 2) , ( 1 2^1.,,^;. I ) ) I <C| /3 {Xu,,a^^ , 

From dH]), we have 

hm hm I,<Culun hm / , .)Prfg(.)< hm CV. / = 0, 

where C, C" > are constants. 

(iii) The second case for the estimate of I2 is when 

\Xy. aA> ^T^i 0, Va* CO. 

From the assumption ( !T2|) . for any 

+ ,z)\> S3|x,^,„. | > r Vz/i > 0, Va} > 0. (42) 

By using fH21) . for we have 

where C, C" > are constants. Therefore, from ([8]) 

kr(|£i.„„^. + /3{x^^,a^,z)\) - Wr{\x^^^^^\) - {f3{x^^^^^, z) ,VWr{\x^^^^^\))\ 

= ■K\{^l'U^r{\x^^^a^^ +9{z)^{x^^^^i,z)\)P{x 
= CWr{\x ^\)\z\^ . 

From the above inequahty together with ( ITOl) . (!36l) . we have 

hm hm J2< hm hm CviWr{\x^j^ / \z\^ dq{z) = Q . 

(iv) The same arguments in (ii) and (iii) leads to 

hm hm l2<3- 

From (i)-(iv), the claim f HOj) in Lemma 3.2 was proved. 
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By introducing (15^ and (HUl) into (157|) via (155]) . since G(s) is monotone 
increasing in s > (([7j)), we have 

\im,y^o[ima^oo7{u{x,y,a)-v{yu,a))<-G{- / g^dq{z))+G{- / g^dq{z)) = 0. 

This contradicts to our hypothesis (133|) . for 

-yM = 7sup(u - i;)(x)<7hm,,^olimQ^oo sup <l>i.,„(x,?/) 

Therefore, we have proved that u<v in Q. 



Theorem 3.3. 

Assume that ^, (7^, ^, ^, ^^), ^^ and g hold, 
(i) Let Q be a bounded domain. Then, there exists a unique bounded viscosity 
solution of (OP-IB'- 

(a) Let Q be an unbounded domain. Assume that (3{x,p, z)= j3{x, z) for any 
ix,p,z)e X RN X S^, 

sup |F(x,0,0,C>)| < cx), (43) 

and that / fli]) . [T^) hold. Then, there exists a unique bounded viscosity solu- 
tion of^D-^. 

Proof of Theorem 3.3. (i) From f ll3p . for any r > we have 
-fr + F{x, 0,0, O)<F{x,r,0,O) for \/x e Q, 
and for any s<0 we have 

JS + F{x, 0,0,0) > F{x,s, 0,0) for \/x e Q. 
Therefore, we can take r = M > large enough so that 

F{x, M, 0, 0) + G{0) > \/xen, sup gix)<M, (44) 
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and we can take s = m < small enough so that 

F{x, m, 0, O) + G{0)<0 \fx G Q, inf g{x) > m. (45) 

Define u{x) = m, u{x) = M. From (jH]) and ( H5|) . u and u are respectively a 
subsolution and a supersolution of ([I])-®. Put 

u{x) = sup{w{x)\ u{x)<w{x)<u{x), w is a subsolution of ([I])-®}. 

Since the comparison principle holds (Theorem 1.1), from the Perron's method 
([To]), it is classical that the above m is a viscosity solution of ([I])-([2]). The 
uniqueness follows from Theorem 1.1. 

(ii) The proof for the unbounded domain is same to (i), while we have to use 
to obtain M > and m < satisfying (jH]) and respectively. We 
shall then apply Theorem 1.2, instead of Theorem 1.1. 



Remark 3.1. From Theorems 1.1, 1.2, and 3.3, the problem ([I])-® has 
a unique viscosity solution, for the jumps (3 and the Levy operators dq{z) 
considered in Examples 1.1, 1.2 (in bounded and unbounded domains), and 
1.3 (in a bounded domain). 

Remark 3.2. We could study the comparison principle for ([1]) with 
the gradient dependent jump f]{x,'Vu,z) in an unbounded domain Q. The 
argument is in the same line to the proof of Theorem 1.2, but becomes longer. 

Remark 3.3. The problem ([1]) could be generalized to the following. 

F(x, zx, Vm, V^tt) + sup{G',;(— / [u{x + l3i{x^Vu{x), z)) — u{x) 

-l\,\^i{Vu{x),^i{x,Vu{x),z))]dq,{z))} = xen, (46) 

where ^ is a countable set of integers, Mj [i G A) natural numbers, and each 
Gi satisfies ([7]). We can establish the comparison principle and the existence 
of the viscosity solution of ( 146|) in the similar ways to Theorems 1.1, 1.2, and 
3.1. Here, we do not enter further in details. 
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The following is an example of fl46l) . 

Example 3.1. Let A= {1,...,A^}, = 1 < N, Gi{s,i) = s., (Vz G A), 
and 

Pi{x,p, z) = BiZ l<i<N, X e R^, z e R"^, 
where {^~<i<N) are the unit vectors in R'^. 



4 Evolutionary problems. 

In this section, we study the comparison and the existence of solutions 
of the evolutionary problem. We denote by Jl^^'^u{t,x) (resp. J^^Q,u{t,x)) 
the parabolic variations of the subdifferentials and the super differentials of 
u e USC(R X RN) (resp. LSC(R x R^)) at (t,x)e R x R^. That is, 
{a,p, X) € J^xn""!^! ^) (resp. t/axn^(^i ^)) means : for any 6 > there exists 
e > such that the folowing holds. 

u{t + s,x + z) — u{t, x)< as + {p, z) + 2^-^^' '^('^^ 1^1^) 
V(s, z) e R X R^, |s|, \z\<e, 

(resp. 

u{t + s,x + z) — u{t, x) > as + {p, z) + 2^-^^' ~ ^^^'^ l-^l^) 

V(s, 2;) G R X R^, |s|, \z\<e. 

) The set J-R^^n'^i^^ ^) (resp. J-R^n'^i'^^ ^)) ^^e closure of J-R^n'^i^^ ^) (resp. 
J-Rxn'^i^^ ^)) in R X R'^ x S'^. Let I3{x,p,z) G R'^ be the jump vector 
in ([3]). From (|8]), we can replace z to f3{x,p,z) to the following : for tt G 
USC{R X RN) (resp. LSC{R x R^)), if {a,p,X) G JS«(^,a;) (resp. 
Jli^Qu{t, x)), then for any 6 > there exists £ > such that 

u(t+s, x+f3{x,p, z))-u{t,x)<as+{p, (3{x,p, z))+^{X f3{x,p, z), (3{x,p, z)) 

+ 5{s^ + \P{x,p,z)\^) V|s|,|2|<e, (s,2)gRxR^, (47) 
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(resp. 

u{t+s, x+f3{x,p, z))-u{t, x) > as+{p, f3{x,p, z)) + ^{X /3{x,p, z),l3{x,p, z)) 

-5{s^ + \P{x,p,z)\^) \/\s\,\z\<e, (s,2)gRxR^. (48) 

) Each of the three equivalent definitions of viscosity solutions stated in 
§2 can be generalized to the evolutionary case straightly. The equivalence of 
the extended three definitions is still true. Here, we only write the parabolic 
version of Definition C. 



Definition C Let u G USC{Yl x R^) (resp. v G LSCiYl x R^);. We 

say that u (resp. v) is a viscosity suhsolution (resp. supers olution) of if 
for any (t,x) G Rxi7 and for any G C^(RxR'^) such that u(i, x) = (j)(t, x) 
(resp. v{i,x) = (/){i,x)) andu — cp (resp. v — cp) takes a global maximum (resp. 
minimum) at {i,x), then for {a,p) = {^,'Vx4'){i,x), 

h{z) = u{i,x+/3{x,p, z))-u{i,x)-li^i^i{/3{x,p, z),Vx4>(t,x)) G {R^ , dq{z)) , 
( resp. 

h{z) = v{i,x+/3{x,p,z))-v{i,x)-li^i^i{(3{x,p,z),Vx(f){i,x)) G {R^ , dq{z)) , 
) and 

a + F{x,u{i,x),Va:<Pii,x),Vl(l){i,x)) + G{- [ [u{i,x + l3{x,p, z)) (49) 



-u{i, x) - l|2|<i(/3(i:,p, z),Vx(p{i,x))]dq{z))<0. 

(resp. 

a + F{x,v{i,x),Vx(p{i,x),Vl(j){i,x)) + G{- [ [v{i,x + (3{x,p, z)) (50) 



-v{i,x) - li^i^i{(3{x, p, z) ,V x(j){i, x))]dq{z)) > 0. 

) If u is both a viscosity subsolution and a viscosity supers olution, it is called 
a viscosity solution. 
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We shall give the comparison principle for the evolutionary problem in 
the bounded domain. 



Theorem 4.1. 

Let fl be a bounded domain, and letT > 0. Assume that 
^^), ligj and g hold. Let u E USC{[0,T) x R^) and v G LSC{[0,T) x 
R^j be bounded, and assume that they are respectively a subsolution and a 
supersolution of ([^j- Assume also that 

u<v in {0,T) X Q""; u{0, x)<v{0, x) in Q. 
Then, u<v holds in[0,T) xQ. 

Proof of Theorem 4.1. For z/ > 0, put 

u^{t, x) = u{t, x) - jT—j: in (0, T) x Q. 

We can confirm easily that Ui, satisfies the following in the sense of the 
viscosity solution. 



dt 



+ F{x, u^, Vuy, V'^Uy) + G{- j^J^^ui^-, X + Vuu{x),z)) 



-Uu{t,x) - l\^\^i{'Vu^{t,x),(3{x,Vu^{t,x),z))]dq{z))<- 



(T - ty 

(t,x) G (0,r) X fi. (51) 

Since lim^^o = u and u^<u, it is enough to prove that there exists t'o > 
such that the following holds. 

u^<v Vz/G(0,z/o). (52) 

We shall show the above by the argument by the contradiction. Assume that 
there is a sequence Uj — )■ (as j — )■ oo), and that 

sup Ui, {t, x) — v{t, x) = M > 
{o,T)xn ^ 

holds. From now on, we abbreviate the index, and denote Ui,. Put 

^ait,x,y) = u^{t,x) - v{t,y) - -\x - y]"^ in (0,T)xl]xfi, 
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and let {ta,Xa,ya) be the maximum point of in [0,T]xQxQ. Since 
limt^T Uy{t, x)= —CO uniformly in R^, and since suPq(m,^ — v){0, x)<0, 

ia^O,T, XaiVa^^ for Vo; > large enough. 

From the parabolic version of the Jensen's maximum principle (in [TD] The- 
orem 8.3), there exist a G R, X, such that 

(a, a{xa - ya),X) G Jlf^u^iia, x^), 

such that 

By using Definition C (and by repeating the argument in the proof of The- 
orem 1.1), we have for pa= a{xa — Va) 

tt-\-F (^Xa, Uj^iify^, Xfy^ , Piyj X)-\-G(^ / ['^[^(^a) ^a~l~/3(5^cv, Pa, 2^)) W^(tQ,,XQ,) 

-1|z|<i(Vm^(4, Xa), (3{Xa,Pa, z))]dq{z))< - — ^^^<0, 
a + F{ya,v{ia,ya),Pa,Y) +G{- / [v{ia,ya + P{ya,Pa,z)) - V{ia,ya) 

-l\z\<i(Vv{ia,ya), l3iya,Pa, z))]dq{z)) > 0. 

By taking the difference of the above two inequalities, a similar argument to 
the proof of Theorem 1.1 leads to the desired contradiction. Hence, there 
exists z/q > such that f l52|) holds. By tending z/ — )■ 0, we have proved the 
claim of the theorem. 



Theorem 4.2. 



Let Q be a bounded domain, and let T > 0. Assume that 
13), ni^) . /[T3\) and hold. Then, there exists a unique viscosity solution 

u ofm-m-&- 
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Proof of Theorem 4.2. From ( I13p . by using the similar argument to 
the proof of Theorem 3.3, we can take M > large enough and m < small 
enough such that 

F{x, M, 0, O) + G{0) > en, sup gix)<M, sup Uo{x)<M, (53) 

F{x,m,0,O) + G{0)<0 ^x E Q, inf g{x) > m supuo(x)>m. (54) 

n 

Define u{t, x) = m, u{t, x) = M for any t G [0, T). From ( l53l) and ( 15^ . it is 
easy to confirm that u and u are respectively a subsolution and a supersolu- 
tion of dSD-dl-dSD. Put 

ti(a;, t) = sup{w(x, t)| 1/(2;, t)^tf (a;, t)<Il(2;, t), w is a subsolution of 

m-m-m- 

Since the comparison principle holds (Theorem 4.1), from the Perron's method 
(see [TU]), it is classical that the above u{x,t) is a viscosity solution of (jl])- 
Q-dSD- The uniqueness of the solution follows from Theorem 4.1. 

Remark 4.1. As in the stationary case, we can study the comparison 
principle and the existence of the viscosity solutions of the evolutionary prob- 
lem in unbounded domains, in the similar ways to Theorem 1.2 and 3.1. 
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